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(x+1)(x+2)°(x+3)’ x+1 x+2 (x+2)* x+3 (x+3)* (x+3)°
1 1 17 1
=—In(x+1)+2In(x +2)+ ——In(x+3)+ + ~+C
8 x+2 8 4(x+3) 4(x+3)
Sl 2
IX2+5X+4 dX=J. X2 +5x+4 dX=J. 3X+ B 3X dx =J. _J-ZXdX _EJ- 2xdx
xt+5x*+4 (x2+1)(x2+4) x2+1 x*+4 x?+1 x“+1 x?+4

=tan "' x +§1n(x2 +1)—§1n(x2 +4)+C

dx 1 1 dx dx 1
- - dx = - =— —tan”' (x=2)+C
'[(xz—4x+4)(x2—4x+5) J[x2—4x+4 x2—4x+5j ) -[(x—z)2 j(x—2)2+12 2 (x=2)+

x+1 2dx
Let y= , dy=—",
x—1 (x-1)

dx e [(x=1V] 2dx 1e |1 3, _ 3 x+1
el lve e P A P
Let y=1+¥x, Vx =(y-1, x=(y-1)", dx = 4(y—1)*dy

dx 4y- 1)dy y—1d=4[1 1](:: 24
jf( 4x) I(y 'y’ e v 2y ) (1+¥x) i

3

Let t:4’.21—); t4:a—x x: a dx = — 44at dt2

X (t* +1)

x dx X 4at’dt 2dt 1 4t’dt 1 t*
- d P I e L Y

'[‘{/x3(a—x) '[4 a-x [ ] (t* +1 ajt(<t4+1)2] ajt (t“+1}
g PR e ) T PR T e P00
ot e el e ‘41 (1—f2t+t2)(1+f2t+tz)




{(-i-x/_t-i-t J2t-v2)-(1-+2t+ ¢ )(2t+«/_) (t +1)}

_ IN_ 4
4l (1—«/§t+t Ji++v2t+17)
_ J‘ 2t+\/_ J. 2t — \/— dt— ajt2+lt
t4+1 42 1+x/_t+t a2l Ve 29
l t
o J- dl++2t+t?) J- 1-2t+ 1) J-
t4+1 4\/_ 1+~/2t+ 12 4\/_ ~2t+t? 2\/_ ( J
+1
V2t
at® a 1-t2 a—x
=— Il +V2t+ ] - lnl Vot+t? +—tan1( J+C,where t=41/
41 42 | | | | V2t X
2
b) [(+Vb>-4 b Vb’ -4
5. (v) M= a [x+—) | mrae , Put X +— =ksec0, where kz—ac.
2a 2a 2a 2a
dx =k sec 0 tan 0 dO, Vax2+bx+c=\/;ktan9
k t 1 2
j X :I secOtan0d9 J c6do =— ln|sec€)+tan9|+C:—ln(x+£j+1/—aX toxe +C'
Vax? +bx+c Vaktan «/; Ja 2a a

— 3’ 1y 13 3
(s) I:I 2+x-x" dx=I —| —=| x——| dx. Let x——=—sin0, dx =—cos0d6
2 2 2 2 2

Izg.‘-cos2 Gdezgj(lJrcosZG)dG :2{sm26 +6}+C:...: 2X_1\/2+X_X2 +2sinl(2x_l)+c
4 8 8L 2 4 8 3
(t) IZJ‘XVX4+2X2—1dX=J‘X\/(X2+1)2—(\/E)2 dx

Let x’ +1:x/5sec6, 2xdx = /2 sec O tan 0d0

1= Isec@tanz 0d0 = J.secﬁ(sec2 0116 =J‘(sec3 0 —sec )0 =%(secﬁtan6+ Injsec® + tan 6]) - InjsecB + tan 6]+ C, by 1(b).
=%(sec@tan@—ln|sec@+tan6|)+C=%(x2 +INx* +2x* -1 -2Inx* +1+Vx* +2x° —l‘+C

(w) Let xX*=tan 0 , 2xdx =sec’ 0 dO

x"+1 1 tan0+1 tan 0 +1 1
¢’ 0d0 =— sec0d0 =— | (secO+ csc0)do
IXVX +1 J.tan@\/tan 0+1 '[ tan® 2'[

x* +x2\/x4+1‘—1n‘1+«/x4 +l‘)+C=

= 5(ln|sec 0+ tan 0]+ In|csc 6 — cot 0]) + C = 5<1n

NG

1 J5
(v) Let x——=—-=sin6, dx =—cos0d6
2 2 2



6. (a)

6. (b)

(c)

NN
——sinQ + —
B x2dx _I 2 2) 5
2

5 5 1
'[«/ r == - 7 TCOSGdez.[[Zsinz6+§sin6+2}16
I+x—-x ﬁ _(x_lj —SCOSG
2 2
1—cos2 1 2 2
:j{f(ﬂ}ﬁsmm— do=30-35m20 35 o Vg Tg 520 V5 e
4 2 2 4 4 16 2 4 8 16 2
7 . 1(2){—1) 5(2){—1) 2Vl +x-x’ 291+ x -’ (2){—1} (2X+3)x/72
=—sin —-— C— - I+x—-x"+C
8 s ) 8\ 5 J5 2 5 s U5 4
I_I x dx _I (I+x)-1 dX—I dx _J dx _I -1
(I+xWl-x-x> (I+xWl-x-x> Vi-x-x’ (I+xWl-x-x> b
IIZI 22dx :sinl(z)j/ilj+cl, by 2x +1=+/5sin6
JW5) - @x 41 5

1
Forl,, let 1+x=—, dx = ——dt, X =

J5 J5
Put t+2=7sec¢, dt =75ec¢tan¢d¢

I, =[sechdp=—Infsect + tang) + C, =1n ZLil }J [ +C, =-mprote 2V o1y
1 2 241 —
=—ln2( +1+ Vl—x—x2)+cz'=_1 |X+3+ X—Xx |
1+x 1+x | 1+x |
.o 2x+1 |x+3+2«/1—x—x2|
s I=sin +1In +C
x/g | 1+x |
/ 2 y -1 2(y2+y+1)
Let y=x++vx>+x-1, (y-x)" =x"+x-1, x= , dx="2 2" g
2y +1 2y +1)

2y? +y+1)dy:IF_

J.x-i-\/x +x+1 ‘[ y(2y +1)*

y

3
2y+1  (2y+1)

dy =21Inly| - >1n2y + 1|+ ———+C
2 202y +1)

3 2 1-2vx? -1
:2ln‘x+\/x2+x—1‘—zln‘2x+1+2«/x2+x—1‘+ X+ X +X +C

2x(x +1)

dx dx
I: = .
I V=3 +4x x> '[x—«/(x—3)(1—X)

3l 2 Atdt
o3 d

t2 +1 241 (t2+1)2

t J(x=3)1-x)=t(x-3),then 1—x="t*(x—3).
, (x—3)(l—x)=t(x—3)=t(—t22 ]=— 2t

+1 t?2 +1
t—1
3 ]dt

= :J' 4tdt :J-( t+l+
T @) e2te1) N 41 3t2 42t

10



C
1 [3- - I-x 2 T—x —Jx—
=—In +tan™ +—ln2 2 2 tan” 3 x=3 +C
x-3 2 x—-3 x-3 V2(x=3)
(.2 2
6. (d) Let =" TF*2 NI =il x=—t k=t dr (D) +2) =Ax +1)=
x+1 7 -1 (22_1) 7zt -1
- -27° -2z+4 1 1 1
IX x+3x+ J~ 32 zz+z d:J' 5 - - 7 N 3 6 dz
\/x +3x+2 (z+1)(z-1)(z-2) 18(z+1)" 3(z+1) 108(z+1) 4(z-1) 27(z-2)
1 1 1
L TS LS I I
18(z+1) 6(z+17 108 4 27
1
=@{—36x2—60x+6(6x+1)\/x2+3x+2—641n|3x+2|—49ln‘2x+3+2\/x2+3X+2+321n‘5x+6+4«/x2+3x+2”}+C
(e) Let t°=x, 6t° dt=dx
J‘ d _J‘ 6t° dt _J~ 6dt _1[6_3/2_%—3/2}&[
x(+2Vx +¥x) Jeet+20 +82) e —t+1) Lt t41 20 —t41
3 9 4t -1 dt
= 6lnjt| = Inft+1]-= [ — dt-=[ . .
2 4720 —t+1 4 [o(e- 1/a)] +(V778)
4t -1
= 6ln|t|—iln|t+1|—21n|2t2 —t+1|—itanl(—j+c
2 4 27 J7
—31n| xix | 3 tanl[‘ﬁ/;_l}rc
41+ xf (-Yx+2Vx) | 297 N
(f) and (g) Let I, :J.xeX cosx dx, I, :‘[xeX sinx dx
I, +il, :J.xe"(cosx+isinx) dx :I “e™ dx J.xe““)X dx =— | x de""*=
1+1
1 . . 1 . (1+i)x (1+i)x
=——|xe!"™x —je““)"dx]z— xet S - ¢ ~[x(1+1)—1]
1+i 1+i 1+i (1+1)
=S (Cosx;lsmx) [(x — 1)+ xi] :%(cosx+isin )X - (x — )]
i
Compare real part and imaginary part,
[, =—[x(sinx +cosx)—sinx]+C,, I, = ¢ [x(sinx —cosx) +cos x|+ C,
1
(h) Let u=x’, dv=e*cosxdx. Then du=2xdx, v=—e*(sinx+cosx), by 1(h).
2
x* . < x> e . .
1276 (s1nx+cosx)—J.xe (smx+cosx)dx:?e (s1nx+cosx)—7(2xsmx+cosx—smx)+C,by6(f), ().
(i)  First we let C=J‘xeX cos2xdx, S=J‘xeX sin 2xdx

:—ln|t +l|+tan’1|t +1|+ ln|3t +2t+l|—«/_tan (

2tdt (6t +2)dt
__It +1 J.t +1 _I +2t+1_-[

H}

2
3

)
B
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. . 1 . . .
C+iS= .[xex (cos2x +1isin 2x)dx :J. xe*e ™ dx =I xe"20x dx =—.[x del2x =—[Xe(”2‘)X - J.e(”z')"dx]
1+ 21 1+2i
1 ; 1 ; 1-2i ; 3+4i A 1-2i 3+ 4i
— _Xe(1+21)x _—ze(l+21)x — _lxe(1+21)x +_le(1+21)x = e* (C082X + iSiHZX)|: 1 X + 1:|
1+21 (1 + 21) 5 25

SC= ex{lxcosb{ +gxsin2x +iCOSZX—iSinzx:|
5 5 25 25

1 1 1 1
xe* sin? x dx = — | xe* (1 —cos2x)dx = — | xe*dx —— | xe* cos2xdx = —e*[x =1]+C
[ e ax=—] | St lx-1]

-1 1
:e"[x —1(2sin2x+cos2x)+—(4sin2x—3cos2x))}+c
2 10 50

() Firstwelet C= Ixzex cos2xdx, S =J-X26X sin 2xdx

C+iS= sze"(cos2x +isin2x)dx :Ixzexe2i‘dx :Ixze“”i)"dx =

1+l2i sz de 112 :ﬁ[XZe(HZi)x _ije(HZi)xdx]

_ 1 x2e(#20x _ . J' Q(+20x _ 1 x2e(#20x _ 2 i [Xe(HZi)x —je(HZi)XdX]
1+2i (1+2i) 1+2i (1+2i)
_ 1 x2e(#20x _ 2 . e(+20x | 2 . e(+20x _ 1-2i x2e(#20x _ 6 +8i xe#20x _ 22 -4 (+20)x
1+2i (1+2i) (1+2i) 5 25 125
1-2i 6+ 8i 22 —4i
=e"(cos2x+isin2x)[ Tx? 4 Tx - l:l
5 25 125

Comparing real parts,

C :%[(25;8 +30x —22)cos 2x +(50x> — 40x + 4)sin 2x]
Ixze” sin” x dx =%J-xzex (1-cos2x)dx = %sze"dx —%sze" cos 2xdx =%e*[x2 -2x +2]—%C

= %e" [x>—2x +2]—%[(25x2 +30x —22)cos 2x + (50x> — 40x + 4)sin 2x ]+ ¢

d
(k) Lety=1+¢", dy=e"dx, dx =2
y—1
d d 1 1 1 1
J. . > =J. . Y =Jl{ ————2}dy=ln|y—l|—ln|y|+—+C=x—1n|1+ex + +C
(l+e) ¥y (y-D “ly-1 y vy y I+e’
1 6d
@ Let y=ev°, dyzge"/ﬁdx, dx =2
y

I dx :I 6dy :I 6dy :I[é_i_3y+3:|
e re 10 Dy(ley syl ey) Iyeniey’) Ay 1oy 1y )T

3 ¢ 2ydy dy 6 3 2 =
—6tnlyl =31+ y| -2 [ 3 —iny* —3Mnf1+y|-2In[l+ y*|-3tan" y+C
|yl =31n]l+y] 2J1+y2 I1+y2 y 1+y] 5 L+ y?| y

—%ln\/1+e"/3 —3tan"' e +C

e [ S ) (= R o

(n) J.[ln(x+\/1+x2)]de=x[ln(x+\/l+x2)]z—J.21n(x+\/l+x2) ! | X }xdx

1+
x+\/1+x2L \/14-x2

:x—31n|1+e"/6

12



:x:ln(x+\/1+xz):2—I\/%ln(x+\/l+x2)dx:x[ln(x+ 1+x° )]Z Jln(x-i-\/l—i-x )d\/1+x
:x:ln(x+\/1+x2):2—2\/1+x21n(x+\/1+x2)+2j ! (1+ X }llerzdx

x+\/1+x2L \/l-i-x2

:)(:ln(>(+\/1+xz):2—2\/1+x2 ln(x+V1+x2)+2x+C

3 2
(0) j(x +[x|)* dx = j(xz +2x[x| + x| )dx = 2'[()(2 + x|x|)dx = 2{% + XTlxq +C= %[X3 +x2x|]+C

P 1= J.xtam’1 xIn(1 + x? )dx

et wmnx du:1dX2’ dv=xinf1ex" M, v finx 1) = (0 finl 1)1 by 160
+x
Z%(1+X2)[ln(l+x2)—1]tanl x—%J'(prxz)[ln(lJer)_l]lib;z

:%(l+x2)[ln(l+x2)—1]tanlx—%j [In(1+x?)-1]dx
:%(l+x2)[ln(l+x2)—l]tan1x—{%[ln(l+x2)—l]—ljx—dx}
;[(l+x Jtan™ x — x [In(1+ x?)- J.

= %[(1 +x2 )tan’1 X — x][ln(l + xz)—l]— x+tan” x +C

x* cos” x 1

(r) Let I= u=cos'x, du=-—
'[Vl x? V1-x2

)= I(l\/i( ):lj[\h——z—

\/_

dx, dv =

V1-x?
1 }d( _X2)21|:(1_X2)3/2_(l_xz)l/z
V1-x? 2

3/2 1/2

dx,
1

1 X
—Ej.ﬁd(l

(x*+2)

(x* +2)cos ™" x —%I(xz +2)dx

\/lx

x+2cos X — [

o]

v1-x*

=— 3 x +2 cos” x——{—+2x}rc where |x| <1.

cos® x +1 cot’ cot’ x 1—csc’x
(s) J. dx —I Xy ese? x dx = J‘ S d(cscx)+J.csc2 xdx :_[ ——d(cscx)—cotx
sin” x csex csc’ x csc’ x

—cscx—cotx+C=-sinx—cscx—cotx+C

= J‘[csc’2 x —1]d(cscx)—cotx = —

CSCX
xlna 1 dexlna 1 tan—l ax
d I I A -1 xlna — C
() I I 2xlna+1 X 1na (exlna)2+1 lnatan (e ) lna "
(u) j P ix = 2J.x/_def 2{ Vxe™ j—dx}— [\/_ef (] C

W) I= Id—x Put x—(u -1
1+\/;+\/1+X ’ 2u

Also, u2—2ux/;—120, u=vx +V1+x



1 —1 D(u-1 P_ut—u+l 1 11
- (v’ j<u+ Yu-D7, judu:_[u_m___}c
l+u 2u° 2u’ 2 u u’

1
Vx +1+ In(Vx ++1+ +C
( ) ( ) \/_+\/l+x (\/;JM/E)Z
1
w) | x[x| dx=—x?*x|+C
el dx =27l
J.dx:erC ,when [x| <1
(x) I= Imax(l,xz)dx: <3
J.xzdx:?JrC ,when |x|>1
(l+x)|1+x| (1-x)l-x|
1+x|—[1-x|}dx +C
W [+x=f1-x} . .
(2
e 1 ¢ 1 e 1 1 c 1 2 1
log,, x|dx =—— 1nxdx=—[ Inx dx — lnxdx}z—[xlnx—x —(xInx—-x }z—(l——)
L/el B ] In10 o 1 In10 Il jwe lnlO( e e miol e
7. (a) jd—x=ﬂi—i+ ! }dx=—l—ln|x|+1n|x+l|+C=1n1+l—1+C
x*(1+x) x> x 1+x X x| x

(b) For I=IZf(a—x)dx, let y=a—x . When x=a,y=0;when x=0,y=a.

1= [ 1) (- dy)= [ty dy =[ feods.

-4

n/2 xdx n/2
0 gi o . (T b 0 gf
SIn X + COS X s1n(—x)+cos(—x) SIn X + COSX

T T
sec(x ——j + tan(x ——j
4 4

s
——x |dx
n/2 (2 j —E_ n/2 dx —E—I
-3 IO =

sinx +cosx 2

n/2

1 b
) =261n(«/5+1)

n/2 n/2 n/2 1
s = J. dx =J. dx =—I sec(x —Ejdx =——In
0 sinx+cosx *° \/ECOS(X_ZJ V2 Jo 4 V2

b dx
8. I=| ———————==m, by4(k
LJ(x—a)(b—x) T by A

Let a=e® b=e,since o <P, b>a>0.
x=¢", dx =e"d6. When x =a,0=J; x=b,0=0qa.
a —¢°do

e dx B _ f(CHB)
_Ia\/(x—a)(b—x) _J"f‘\/(e‘e eP)e—e?) '[ Ve’ —e Xe

Put

B de —(a+p)
I =T7e 2
a \/(ee et )(eB _ee)
2
0.0 | 1;3 dx = [ Infl +x* |} {ln|1+x3|—ln1+%H:1n|x|
(ii) For I= J- dx. Let x=l,dx=—idy,
Vo 14+x° y y’

1/a 1 1 o o
T (Y (P T SRR S
o 1+(1/y)Y L y° 1/0‘1+y Vo 14 x°



21 I[p2 1 2 T2 1 12 1
(iii) J. dx:—U dx +I X dx:|=—J. X dx:—J. —dx
V2 [+x° 209172 14 x° 12 1+x° 2912 14 x° 29121 —x +x
2
1 1 3 1( 1) T
=— —tan" | x —— =—
2 I ”2 3 { 2 L 33
4
. B B 1 a X
(IV) .[l/al_;r_x -[1/(11+X J.l/ot 1+X3 dX_J.l/ﬁl_;’_X3 dx
10 J- dx 3 1 J- sin(a + b)dx 3 1 J- sin(x +a)cos(x + b) —cos(x + a)sin(x + b)dx
' sin(x +a) sin(x +b) sin(a+b)* sin(x +a) sin(x+b) sin(a+b) sin(x +a) sin(x + b)
R .[ cos(x+b) cos(x+a)] 1 Idsin(x +b) rdsin(x+a) 1 |sm(x + b)|
sin(a+b) Y| sin(x+b) sin(x+a) sin(a+b)|* sin(x+b) sin(x +a) s1n(a +b) |sm(x + a)|
Similarly,
J‘ dx 1 |s1n(x +a)|JrC I dx 1 |cos(x+b)|
sin(x +a) cos(x +b) cos(a b) |cos(x + b)| cos(x+a) cos(x+Db) s1n(a b) |c0s(x + a)|
1. Let 1= (b—a)J.Of[a+(b—a)x]dx,
1
Let y=a+(b—a)x. dy=(b—a)dx, dx:b dy
—a
b dy b b
I[=(b-a)] f(y)—= =| f(x)dx
ja b —a -[a -[a
2 2
12. (a) I:J. xdx - I dx = ¢ , by Mean Value Theorem, where 1 <g<2.
Ix*+1 g’ +1 g’ +1
2 1
When g=2, ¢ =—, When g=1,—— ¢ _-
e+l 5 e+l 2
2 2 1
Since is a decreasing function for 1<g<2, therefore —< I xdx —
g’ +1 5 ix*+1 2
1o >l 2
(b)) I= joe" dx =¢* '[0 dx =e*, by Mean Value Theorem, where 0 <g<1.
When 8=1,eEz =e, When 8=0,eg2 =1
5 1 2
Since e is aincreasing function for 0 <g <1, therefore 1< .[Oex dx<e.
n/2 8] i n/2 i
(c) = I smx d _me I dx = e r , by Mean Value Theorem, where 0<¢g< E.
0 X g 0 € 2 2
When S:E,smaxizl ; When s—)O,smg><£—>E
2 ¢ 2 € 2 2
i n/2 §i
Since sme is a increasing function for 0<g< E, therefore 1<J. Smx dx < U
€ 2 0 x 2
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