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4

3
tan,cos5cos4sin3 =αα−=+ uuu   

     ( ) ( ) 





=α+α−+α−=α−=

α−
= −∫ ∫

4

3
tanwhere,Cutanuseclndu)usec(

)ucos(

du
I 1 . 

3. (n)  
( ) ( ) ( )

( )
( ) ( )

C
12ttan55

1

12ttan5

12ttan5d

5

1

12ttan5

tdtsec

12ttan5tcos

dt

tcos12tsin5

dt
22

2

222
+

−
−=

−

−
=

−
=

−
=

− ∫∫∫ ∫  

 (o)  
( )

( )
( )

∫∫∫∫
π

π
−

πππ π
=






 θ

=
+θ

θ
=

++θ

θ
=

+θ

θθ
=

θ+

θ 2/

0

2/

0

1

2

2/

0 2

2/

0 2

2
2/

0 2
123

tan2
tan

6

1

9tan4

tand

51tan4

tand

5sec4

dsec

cos54

d
 

 (p)  ∫ +
=

vcos54

dv
I   Let  

2

2

22 t1

t1
vcos,

t1

t2
vsin,

t1

dt2
dv,

2

v
tant

+

−
=

+
=

+
==  

   ∫ ∫∫ +
−

+
=








+
−

+
=

+−
−=

−
= C

3t

3t
ln

3

1
dt

3t

1

3t

1

3

1

)3t)(3t(

dt2

t9

dt2
I

2
 

 (q)  







+

π
=



 θ−θ=θ

θ−
=θθ

π
ππ

∫∫
8

3

32

1
4sin

8

1

2

1
d

2

4cos1
d2sin

3/

0

3/

0

3/

0

2
 

 (r)  ( ) Cncosn5cos
5

1

n2

1
dnsinn5sin

2

1
dn3sinn2cos +






 θ+θ−=θθ+θ=θθθ ∫∫  

 (s)  ( )∫∫ +





 +=+= Cnt3sin

3

1
nt7sin

7

1

n2

1
dtnt3cosnt7cos

2

1
dtnt5cosnt2cos  

 (t)  ( ) C12sin
6

1
2sin

4

1
d2cos12cos

2

1
d7sin5sin +






 φ−φ=φφ−φ=φφφ ∫∫  

 (u)  ( ) ( ) ( ) ( ) ( )∫∫∫∫
π=

=

π=

=

π=

=

π

+−−=−−=−=
2/x

0x

42
2/x

0x

22
2/x

0x

4
2/

0

5 xcosdxcosxcos21xcosdxcos1xcosdxsindxxsin  

   
15

8

5

1

3

2
1xcos

5

1
xcos

3

2
xcos

2/

0

2/

0

53 =



 −+−−=



 +−−=

ππ

 

 (v)  ( ) ( )
35

2

7

xcos

5

xcos
xcosdxcosxcos1dxxcosxsin

2/

0

75
2/x

0x

42
2/

0

43 =







−−=−−=

π
π=

=

π

∫∫  

 (w) ( ) ( )∫ ∫∫ −+−=



 −= dxx2cosx2cos3x2cos31

8

1
dxx2cos1

2

1
dxxsin

32

3

6
 

   Ct2sin
3

1
t4sin

4

3
t2sin2t5

16

1
)t2(sind)t2sin1(

16

1
dx

2

x4cos1
3x2cos31

8

1 32 +



 −+−=−+











 +

+−= ∫∫  

   Complex number method 

( ) ( )ix6ix4ix2ix2ix4ix6

6

ixix6 ee6e1520e15e6e
64

1
ee

i2

1
xsin −−− +−−−+−−=



 −=  

    [ ]20x2cos15x4cos6x6cos
32

1
20

2

ee
15

2

ee
6

2

ee

32

1 ix2ix2ix4ix4ix6ix6

−+−−=







−

+
+

+
−

+
−=

−−

 

    ∫ +−+−=+



 −+−−= Cx6sin

192

1
x4sin

64

3
x2sin

64

15

16

x5
C20

2

x2sin
15

4

x4sin
6

6

x6sin

32

1
xdxsin 6  

(x)  ( ) ( ) ( )( )θ−θ−θθθ−θθ−θθ−θ +++++−−=



 +



 −=θθ i4i2i2i4i2i2

4

ii

2

ii42
ee46e4ee2e

64

1
ee

2

1
ee

i2

1
cossin  
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  [ ]22cos4cos26cos
32

1
2

2

ee

2

ee
2

2

ee

32

1 iii4i4i6i6

+θ−θ+θ−=







+

+
−

+
×+

+
−=

θ−θθ−θθ−θ

 

  C6sin
192

1
4sin

64

1
2sin

64

1

16
C2

2

2sin

4

4sin
2

6

6sin

32

1
dcossin 42 +θ−θ−θ+

θ
=+



 θ+

θ
−

θ
×+

θ
−=θθθ∫  

   

4. (a)  I = ∫
π

π−
φφφ

2/

2/

35 dcossin  . Put  φ = –θ , dφ = –dθ ,   I = ( ) ( ) ( )∫
π−

π+
θ−θ−θ−

2/

2/

35 dcossin  = –I 

   ∴ I = 0.   

(b)  ( ) ( ) ( )∫∫∫∫
ππππ

+−=−=−=
4/

0

222
4/

0

222
4/

0

22
4/

0

4 dx1xsecxsecxtandxxtanxsecxtandx1xsecxtandxxtan  

( ) ( ) [ ]
3

2

4
xxtanxtan

3

1
dxxtand1xtan

4/

0

4/

0

3
4/

0

4/

0

2 −
π

=−



 −=−−= π

π
ππ

∫∫       

(c)  C
3

cot
cot

3

+
θ

−θ−    

(d)  Put  dz
z2

1z
dy,

z2

z1
y,1yyyz2z,1yyz,y1yz

2

22

22222 +
−=

−
=+=+++=+−+=  

 C
z

1
2zln

2

1
dz

z

1

z

1

2

1
dz

z2

1z

z

1

y1y

dy
232

2

2
+






 −−=






 +−=







 +
−=

−+
∫∫∫  

 

( )
[ ] Cy1yln1yyy

2

1
C

y1y

1
2y1yln

2

1 222

2
2

2 ++++++=+













−+
−−+−=  

(e)  I = ∫ −

−
dx

1x

x3
.  Let  x = 3 cos 

2θ + sin2 θ = 2cos 2θ + 1= 3 – 2 sin2 θ,  dx = -4 sin θ cos θ dθ 

    ( ) ( )∫∫ ∫∫ θθ−=θ
θ−

=θθ−=θθθ−
θ

θ−θ−
= d2cos12d

2

2cos1
4dsin4dcossin4

cos2

sincos33
I

2

2

22

 

    C1xx3
2

x3
sin2C

2

1x

2

x3
2

2

x3
sin2Ccossin22C2sin2

11 +−−−
−

=+
−−

−
−

=+θθ−θ=+θ−θ= −−
 

 (f)  ( ) Cza
3

1 2/322 +−
−

 

 (g)  Put  p = a tan θ,     
( )

C
paa

p

pa

dp

2222/322
+

+
=

+∫  

 (h)  Let  v = a sin θ ,    ( )
16

a3
...d

2

2cos1
adcosadvva

42
2/

0

44
2/

0

4
a

0

2/322 π
==θ






 θ+

=θθ=− ∫∫∫
ππ

 

 (i)  Let y = 1 – 3x ,  ( ) ( ) Cx31
5

1
x31

3

2
x31

27

2

x31

dxx 2/52/3
2

+



 −+−−−−=

−∫  

 (j)  ∫∫
−−

=
−

=
a2

0 22

a2

0 2
dx

)xa(a

x
dx

xax2

x
I ,   Let  a – x = a sin θ,  – dx = a cos θ dθ ,  x = a ( 1 – sin θ) 

   
( )

( ) ( ) [ ] acosadsin1adcosa
cosa

sin1a
I

2/

2/

2/

2/

2/

2/
π=θ+θ=θθ−=θθ−

θ

θ−
= π

π−

π

π−

π−

π ∫∫  

 (k)  ∫ −−
=

b

a )yb)(ay(

dy
I ,   Let   y = a cos

2
 θ + b sin2 θ ,   dy = 2 ( b – a) sin θ cos θ 

   y – a = (b – a) sin
2
 θ ,   b – y = (b – a) cos2 θ 

   
( )
( )

π=





 π=θ=θ

θθ−

θθ−
=∴ ∫∫

ππ 2/

0

2/

0 2
2d2d

cossinab

cossinab2
I  
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 (l)  
35

2
 

 (m) 
2

2

2 t1

t1
cos,

t1

dt2
d,

2
tant

+

−
=θ

+
=θ

θ
=  

   
( )( )

C

3
2

tan

3
2

tan

ln
32

1
C

3t

3t
ln

32

1
ttandt

t3

1

t1

1
dt

t1t3

t1
2..d

cos21

cos 1

2222

2

+
−

θ

+
θ

−θ=+
−

+
−=








−
−

+
=

+−

−
==θ

θ+

θ −∫∫∫  

 (n)  Let  x = sec y,   dx = sec y tan y dy   ∫ ∫∫ +=+===
−

∴ −
CysecCydy

ytanysec

ydytanysec

1xx

dx 1

2
 

 (o)  C
4

4sin

2

1
d

2

4cos1
d2sin 2 +






 θ

−θ=θ
θ−

=θθ ∫∫  

 (p)  y = sin
-1θ  ,  sin y = x,   cosy dy = dx 

   ∫ ∫ ∫∫ +−+=++=−=== −− Cx1xsinxCycosysinyydysinysiny)y(sinyd)ydy(cosydxxsin 211
 

 (q)  ( ) C
4

v
vlnv

4

1

v

dv
vvlnv

4

1
vvdln

4

1
dvvlnv

4

44443 +







−=



 −== ∫ ∫∫  

 (r)  ( ) ( ) ( )θ−θ−θ−θ−θ−θ− ∫∫∫∫ θ





−×+θ−=θθ−θ−=θ−=θθ= 222222 ed3cos

2

1

2

3
3sine

2

1
d3cose33sine

2

1
ed3sin

2

1
d3sineI  

   ( ) ( )I33cose
4

3
3sine

2

1
d3sine33cose

4

3
3sine

2

1 22222 +θ−θ−=θθ+θ−θ−= θ−θ−θ−θ−θ− ∫  

   ( ) C3sin23cos3
13

1
I +θ+θ−=∴  

 (s)  [ ] C)x1(
3

2
)x1(

5

2
dx)x1(dx)x1(dxx11)x1(dxx1x 2/32/52/3 ++++=+−+=+−+=+ ∫∫∫∫  

 (t)  ( ) C8u4ue2...)e(ud4eu2duue2eu2)e(du2dueu 2
u

2

1
u

2

1
u

2

1

2
u

2

1
u

2

1

2
u

2

1

2
u

2

1

2 +++−==







+−=








−−=−=

−−−−−−−

∫∫ ∫∫  

 (u)  
( )

( ) C
x1

e
...dxe

x1

xe
dx

x1

xee

x1

xe
xed

x1

1

x1

xe

x1

1
dxe

x1

dxxe x

x

xxxx

x

x

x

2

x

+
+

==+
+

−=
+

+
+

+
−=









+
−

+
−=








+
−=

+ ∫∫∫ ∫∫  

 (v)  ( ) θθθ+θθ=θθ+θθ ∫∫∫
πππ

dcossindsindcossinsin
2/

0

33
2/

0

6
2/

0

333
 

   )(sindcossin2sin
3

1
4sin

4

3
2sin25

16

1 2/

0

23

2/

0

3 θθθ+



 θ−θ+θ−θ= ∫

π
π

, by 3. (w) 

   ( )
12

1

32

5
)(sindsin1sin

32

5 2/

0

23 +
π

=θθ−θ+
π

= ∫
π

 

5. (a)  C1xxlnxsecx 21 +−+−−
  (b)  C)1xln(x

2

x
)1xln(x

2

1 2

2 +







+−+−+  (c) C

2

2sin
2cos2sin

2

1 2 +



 θ

−θθ+θθ  

 (d)  C
2

sin
1sinln

2

+
θ

−θ−−θ−   (e)  
15

7
  (f)  Let  C

x2

1x41
lnI,

2

tan
x

2

+
−+

=
θ

=  

 (g)  ( ) ( ) θθ−θθ=θθ−θθθ=θθ−θ=θθ ∫∫∫∫∫∫
π

π

π

π

π

π

π

π

π

π

π

π
dcotcotdcotdcotdcotcscdcot1cscdcot

4/

2/

4/

2/

4/

2/

2
4/

2/

2
4/

2/

3
4/

2/
 

   ( ) ( )12ln
2

1

2

1
ln

2

1
sinln

2

cot
4/

2/

2

−=−−=







θ−

θ
−=

π

π

 

 (h)  Let  x = cos θ ,  dx = - sinθ dθ,   
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( )






 θθ

=
θ

θ
=

θθ+

θθ
−=

−+
∫ ∫∫∫

2
d

2
sec

2
cos2

d

sin)cos1(

dsin

x1x1

dx 2

2
2

 C
x1

x1
C

sin

cos1
C

2
tan

2
+

−

−
−=+

θ

θ−
−=+






 θ−=  

5. (i)  C
2

x
tanx

2

x
tanxddx

2

x
tan

2

x
tanxddx

2

x
tan

2

x
secx

2

1
dx

2

x
cos2

2

x
cos

2

x
sin2x

dx
xcos1

xsinx 2

2

+=





=

+








=






 +=

+
=

+

+
∫∫ ∫∫∫  

 (j)  Let   x = a sin
2
 θ + b cos2 θ ,   Then  θ−=−θ−=− cosabax,sinabxb ,   dx = -2(b – a)sin θ cos θ dθ. 

   [ ] π
−

==θθ−=θθθ−−
θ−

θ−
=

−

−
∫∫∫

π

π 2

ab
...dsin)ab(2dcossin)ab(2

cosab

sinab
dx

ax

xb 2
2/

0

0

2/

b

a
 

  (k)  θθ
α

β
=θ

α

β
= dsecdx,tanx

2  

   ( ) C
x

Ccotdcotcscdsec
sectanxx

dx
2

2

22
+

β

β+α
−=+θ

β

α
−=θθθ

β

α
=θθ

α

β

θβθβ

α
=

β+α
∫∫∫  

 (l)  
( )( ) ( )

dx
)3x(

2/1

)3x(

4/5

3x

8/17

)2x(

1

2x

2

1x

8/1

3x2x1x

dx
32232 ∫∫ 








+
−

+
−

+
−

+
−

+
+

+
=

+++
 

   
( ) ( )

C
3x4

1

3x4

5
)3xln(

8

17

2x

1
)2xln(2)1xln(

8

1
2
+

+
+

+
++−

+
++++=  

 (m) 
( )( ) ∫∫∫∫∫∫ +

−
+

+
+

=



















+
−

+

+
=

++

++
=

++

++

4x

xdx2

6

5

1x

xdx2

6

5

1x

dx
dx

4x

x
3

5

1x

1x
3

5

dx
4x1x

4x5x
dx

4x5x

4x5x
2222222

2

24

2

 

   ( ) ( ) C4xln
6

5
1xln

6

5
xtan 221 ++−++= −  

 (n)  
( )( ) ( ) ( )

C)2x(tan
2x

1

12x

dx

2x

dx
dx

5x4x

1

4x4x

1

5x4x4x4x

dx 1

2222222
+−−

−
−=

+−
−

−
=








+−
−

+−
=

+−+−
−∫∫∫∫  

 (o)  Let   
( )21x

dx2
dy,

1x

1x
y

−
−=

−

+
= ,   

   
( ) ( ) ( )

C
1x

1x

2

3
Cy

2

3
dy

y

1

2

1

1x

dx2

1x

1x

2

1

1x1x

dx
333

22
3

2

3 42
+

−

+
−=+−=−=









−
−








+

−
−=

−+
∫∫∫  

 (p)  Let  ( ) ( ) ( ) dy1y4dx,1yx,1yx,x1y
3424 −=−=−=+=  

   
( )

( )
( ) ( )

C
x1

4

x1

2
C

y2

1

y

1
4dy

y

1y
4

y1y

dy1y4

x1x

dx
42

42332

3

3
4

+
+

−
+

=+







+−=

−
=

−

−
=

+
∫∫∫  

 (q)  Let  
( )24

3

4

44

1t

dtat4
dx,

1t

a
x,

x

xa
t

x

xa
t

+
−=

+
=

−
=

−
=  

   
( ) ( ) ( ) ( ) ∫∫∫∫∫∫ 









+
=











+
−=

+
−=











+
−=

−
=

− 1t

t
d

t

1
a

1t

dtt4

t

1
a

1t

dtt
a4

1t

dtat4

t

1
dx

xa

x

xax

dxx
4

4

24

3

24

2

24

3

4

4 3
 

   
( )( )dttt21tt21

t
a

1t

at
dt
1t

t
a

1t

at
dt

t

1

1t

t

1t

t

t

1
a

22

2

4

3

4

2

4

3

24

4

4

4

∫∫∫ +++−
−

+
−=

+
−

+
−=














−

+
−

+
×−=  
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( )( ) ( )( ) ( )

( )( ) dt
tt21tt21

1t
2

1
2t2tt212t2tt21

24

1

a
1t

at
22

222

4

3

∫ +++−





 ++++−−−++

−
+

−=  

   dt
1t

1t

2

a
dt

tt21

2t2

24

a
dt

tt21

2t2

24

a

1t

at
4

2

224

3

∫ ∫ ∫ +

+
−

+−

−
−

++

+
−

+
−=  

   
( ) ( )

∫ ∫ ∫
+







 −








 −

−
+−

+−
−

++

++
−

+
−=

1
t2

t1

t2

t1
d

22

a

tt21

tt21d

24

a

tt21

tt21d

24

a

1t

at
22

2

2

2

2

2

4

3

 

   C
t2

t1
tan

22

a
tt21ln

24

a
tt21ln

24

a

1t

at 2

122

4

3

+






 −
++−−++−

+
−= − , where  4

x

xa
t

−
=  

5. (r)  
a2

ac4b
kwhere,seck

a2

b
xPut,

a2

ac4b

a2

b
xacbxax

2
2

22

2 −
=θ=+



























 −
−






 +=++ . 

  dx = k sec θ tan θ dθ,   θ=++ tankacbxax 2
 

'C
a

cbxax

a2

b
xln

a

1
Ctansecln

a

1
dsec

a

1

tanka

dtanseck

cbxax

dx 2

2
+

++
+






 +=+θ+θ=θθ=

θ

θθθ
=

++
∫∫∫  

 (s)  I = θθ=θ=−





 −−






=−+ ∫∫ dcos

2

3
dx,sin

2

3

2

1
xLet.dx

2

1
x

2

3
dxxx2

22

2
 

   ( ) C
3

1x2
sin

8

9
xx2

4

1x2
...C

2

2sin

8

9
d2cos1

8

9
dcos

4

9
I 122 +






 −

+−+
−

==+



 θ+

θ
=θθ+=θθ= −∫ ∫  

 (t)  ( ) ( )∫∫ −+=−+= dx21xxdx1x2xxI
22224  

   Let   θθθ=θ=+ dtansec2xdx2,sec21x 2  

  ( ) ( ) ( ) Ctanseclntanseclntansec
2

1
dsecsecd1secsecdtansecI 322 +θ+θ−θ+θ+θθ=θθ−θ=θ−θθ=θθθ= ∫∫ ∫ , by 1(b). 

   ( ) ( ) C1x2x1xln21x2x1x
4

1
Ctanseclntansec

2

1 242242 +−+++−−++=+θ+θ−θθ=  

 (u)  Let   x
2
 = tan θ  ,   2xdx = sec2 θ dθ 

             

( )∫∫∫∫ θθ+θ=θθ
θ

+θ
=θθ

+θθ

+θ
=

+

+
dcscsec

2

1
dsec

tan

1tan

2

1
dsec

1tantan

1tan

2

1
dx

1xx

1x 2

24

2

( ) ( ) C1x1ln1xxxln
2

1
Ccotcsclntansecln

2

1 4424 +++−++=+θ−θ+θ+θ= = 

 (v)  Let   θθ=θ=− dcos
2

5
dx,sin

2

5

2

1
x  
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( )
Cxx1

4

3x2

5

1x2
sin

8

7
C

5

xx12

2

5

5

xx12

5

1x2

8

5

5

1x2
sin

8

7

Ccos
2

5

16

2sin5

8

7
C

4

1
cos

2

5

16

2sin5

4

5
d

4

1
sin

2

5

2

2cos1

4

5

d
4

1
sin

2

5
sin

4

5
dcos

2

5

cos
2

5

2

1
sin

2

5

2

1
x

2

5

dxx

xx1

dxx

21

22

1

2

2

22

2

2

2

+−+
+

−





 −

=+












 −+
−













 −+






 −

−





 −

=

+θ−
θ

−θ=+θ+θ−
θ

−θ=θ



+θ

 +





 θ−

=

θ









+θ+θ=θθ

θ











+θ

=







 −−










=

−+

−−

∫

∫∫ ∫∫

 

6. (a)  
( ) ( ) ( )

21
2222

II
xx1x1

dx

xx1

dx
dx

xx1x1

1)x1(

xx1x1

dxx
I −=

−−+
−

−−
=

−−+

−+
=

−−+
= ∫ ∫∫∫  

   

( ) ( )
θ=++






 +

=
+−

= −∫ sin51x2by,C
5

1x2
sin

1x25

dx2
I 1

1

22
1

 

   For I2,  let  
t

t1
x,dt

t

1
dx,

t

1
x1

2

−
=−==+ , 

     ∫ ∫∫










−






 +

−=
−+

−=







 −

−
−

−

−
=

2222

2

2

2

5

2

1
t

dt

1tt

dt

t

t1

t

t1
1

t

1

dt
t

1

I  

   Put  φφφ=φ=+ dtansec
2

5
dt,sec

2

5
2t  

   'C1tt21t2lnC1tt
5

2

5

1t2
lnCtanseclndsecI 2

2

2

2

22 +−+++−=+−++
+

−=+φ+φ−=φφ−= ∫  

    'C
x1

xx123x
ln'Cxx1

x1

2
1

x1

1
2ln 2

2

2

2 +
+

−−++
−=+






 −−

+
++

+
−=  

   C
x1

xx123x
ln

5

1x2
sinI

2

1 +
+

−−++
+






 +

=∴ −  

6. (b)  Let  ( )
( )
( )

dy
1y2

1yy2
dx,

1y2

1y
x,1xxxy,1xxxy

2

22

222

+

++
=

+

−
=−+=−−++=  

   
( )
( ) ( )∫∫∫ +

+
++−=









+
−

+
−=

+

++
=

+++
C

)1y2(2

3
1y2ln

2

3
yln2dy

1y2

3

1y2

3

y

2
dy

1y2y

1yy2

1xxx

dx
22

2

2
 

   C
)1x(x2

1xx21x2
1xx21x2ln

2

3
1xxxln2

2

22 +
+

−+−+
+−+++−−++=  

 (c)  ∫∫ −−−
=

−+−−
=

)x1)(3x(x

dx

xx43x

dx
I

2
.  Let  )x1)(3x( −− = t(x - 3), then  1 – x = t

2
 (x – 3). 

   
( ) 1t

t2

1t

2
t)3x(t)x1)(3x(,

1t

tdt4
dx,

1t

2
3

1t

1t3
x

222222

2

+
−=








+
−=−=−−

+
=

+
−=

+

+
=∴  

   
( )( )

dt
1t2t3

1t3

1t

1t

1t2t31t

tdt4
...I

2222 ∫∫ 







++

−
+

+

+−
=

+++
==∴  
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( )

∫∫∫∫










+











 +

−
++

+
+

+
+

+
−=

22222

3

2

3

1
t3

dt2

1t2t3

dt2t6

2

1

1t

dt

1t

tdt2

2

1
 

   C
2

1t3
tan21t2t3ln

2

1
1ttan1tln

2

1 12212 +





 +

−++++++= −−  

   C
)3x(2

3xx13
tan2

3x

x2

3x

x1
2ln

2

1

3x

x1
tan

2

x3
ln

2

1 11 +










−

−−−
−

−
−

−

−
+

−

−
+

−
= −−  

6. (d)  Let  ( )( ) ( )
( )

( )( ) ( )
1z

z
1xz2x1x,dz

1z

z2
dx,

1z

2z
x,1xz2x1x,

1x

2x3x
z

2222

22

−
=+=++

−
−=

−

−
−=+=++

+

++
=  

   
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

dz
2z27

16

1z4

3

1z108

17

1z3

1

1z18

5
dz

2z1z1z

z4z2z2
dx

2x3xx

2x3xx
3223

3

2

2

∫∫∫ 








−
−

−
+

+
−

+
+

+
=

−−+

+−−
=

+++

++−
 

   
( ) ( )

C2zln
27

16
1zln

4

3
1zln

108

17

1z6

1

1z18

5
2

+−−−++−
+

−
+

−=  

 

 ( ){ } C2x3x46x5ln322x3x23x2ln492x3ln642x3x1x66x60x36
108

1 2222 ++++++++++−+−++++−−=

    
  (e)  Let  t

6
 = x ,  6t

5
 dt = dx 

    ( ) ( ) ( )( ) ∫∫ ∫∫ 





+−

−
−

+
−=

+−+
=

++
=

++
dt

1tt2

2/3t9

1t

2/3

t

6

1tt21tt

dt6

tt21t

dtt6

xx21x

dx
22236

5

3
 

    
( )[ ] ( )∫∫

+−
−

+−

−
−+−=

222

8/74/1t2

dt

4

3
dt

1tt2

1t4

4

9
1tln

2

3
tln6  

    C
7

1t4
tan

72

3
1tt2ln

4

9
1tln

2

3
tln6 12 +






 −

−+−−+−= −  

    
( ) ( )

C
7

1x4
tan

72

3

x2x1x1

xx
ln

4

3
6

1

3
36

2
6

3

+








 −
−

+−+
= −

 

  (f) and (g)  ∫∫ == dxxsinxeI,dxxcosxeILet x

2

x

1  

      ∫∫∫∫ =
+

===+=+ ++ x)i1(x)i1(ixxx

21 dex
i1

1
dxxedxexedx)xsinix(cosxeiII  

      [ ]
( )

[ ]1)i1(x
i1

e

i1

e
xe

i1

1
dxexe

i1

1
2

x)i1(x)i1(

x)i1(x)i1(x)i1( −+
+

=








+
−

+
=−

+
=

++
+++ ∫  

      [ ] [ ]i)1x(x)xsinix(cos
2

e
xi)1x(

i2

)xsinix(cose xx

−−+=+−
+

=  

    Compare real part and imaginary part, 

    [ ] [ ] 2

x

21

x

1 Cxcos)xcosx(sinx
2

e
I,Cxsin)xcosx(sinx

2

e
I ++−=+−+=  

  (h)  Let   u = x
2
,   dv = e

x
 cos x dx.  Then   du = 2x dx ,   ( ),xcosxsine

2

1
v x += by 1(h). 

    ( ) Cxsinxcosxsinx2
2

e
)xcosx(sine

2

x
dx)xcosx(sinxe)xcosx(sine

2

x
I

x

x

2

xx

2

+−+−+=+−+= ∫ , by 6 (f), (g). 

(i)  First we let  ∫∫ == xdx2sinxeS,xdx2cosxeC xx
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    [ ]dxexe
i21

1
dex

i21

1
dxxedxexedx)x2sinix2(cosxeiSC x)i21(x)i21(x)i21(x)i21(ix2xx ∫∫∫∫∫ ++++ −

+
=

+
===+=+  

    
( ) 



 +

+
−

+=
+

+
−

=
+

−
+

= ++++

25

i43
x

5

i21
)x2sinix2(cosee

25

i43
xe

5

i21
e

i21

1
xe

i21

1 xx)i21(x)i21(x)i21(

2

x)i21(  

    



 −++=∴ x2sin

25

4
x2cos

25

3
x2sinx

5

2
x2cosx

5

1
eC x  

    [ ] C1xe
2

1
xdx2cosxe

2

1
dxxe

2

1
dx)x2cos1(xe

2

1
dxxsinxe xxxx2x +−=−=−= ∫∫ ∫∫  

    ( ) c)x2cos3x2sin4
50

1
)x2cosx2sin2(

10

x

2

1x
ex +



 −++−

−
=  

 

  (j)  First we let  ∫∫ == xdx2sinexS,xdx2cosexC x2x2                

 [ ]dxxe2ex
i21

1
dex

i21

1
dxexdxeexdx)x2sinix2(cosexiSC x)i21(x)i21(2x)i21(2x)i21(2ix2x2x2 ∫∫∫∫∫ ++++ −
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=

+
===+=+  
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+

−
+
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+
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= dxexe
i21
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ex
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1
xde

i21

2
ex

i21

1 x)i21(x)i21(

2

x)i21(2x)i21(

2
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( ) ( )

x)i21(x)i21(x)i21(2x)i21(

3

x)i21(

2

x)i21(2 e
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i422
xe

25

i86
ex

5

i21
e

i21

2
xe

i21

2
ex
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1 ++++++ −
−

+
−

−
=

+
+
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−
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    ( ) 



 −

−
+

+
−

+=
125

i422
x

25

i86
x

5

i21
x2sinix2cose 2x  

    Comparing real parts, 

    
( ) ( )[ ]x2sin4x40x50x2cos22x30x25

125

e
C 22

x

+−+−+=
 

    
[ ] C

2

1
2x2xe

2

1
xdx2cosex

2

1
dxex

2

1
dx)x2cos1(ex

2

1
dxxsinex 2xx2x2x22x2 −+−=−=−= ∫∫ ∫∫

 

    [ ] ( ) ( )[ ] cx2sin4x40x50x2cos22x30x25
250

e
2x2xe

2

1 22

x

2x ++−+−+−+−=  

  (k)  Let  y = 1 + e
x
  ,   dy = e

x
 dx,    

1y

dy
dx

−
=  

    
( )

C
e1

1
e1lnxC

y

1
yln1ylndy

y

1

y

1

1y

1

)1y(y

dy
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dx
x

x

222x
+
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++−=++−−=
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+ ∫∫∫  

  (l)  Let  
y

dy6
dx,dxe

6

1
dy,ey 6/x6/x ===  
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−
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=
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=
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3

y

6
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dy6
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dx
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2

3
y1ln3yln

y1

dy
3

y1
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2

3
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+
−
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    Cetan3e1ln
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3
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  (m) Ce
x

4
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x

4
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x

4
1deed

x

4
1dxe

x

4

x

4
1dxe
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1 xxxxx
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




 −=











 −=








 −+








 −=
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1
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1
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++
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2
2 x1dx1xlnx1xlnxdxx1xln

x1

x2
x1xlnx  

    ( )[ ] ( ) dxx1
x1

x
1

x1x

1
2x1xlnx12x1xlnx 2

22

22
2

2 +








+
+

++
++++−++= ∫  

    ( )[ ] ( ) Cx2x1xlnx12x1xlnx 22
2

2 +++++−++=  

  (o)  ( ) ( ) ( ) [ ] Cxxx
3

2
C

3

xx

3

x
2dxxxx2dxxxx2xdxxx 23

23

2222 ++=+







+=+=++=+ ∫∫∫  

 (p)  I = ( )∫ +− dxx1lnxtanx 21
  

   Let  u = tan
-1
 x,   ( ) ( ) ( ) ( ) ( )[ ]1x1lnx1

2

1
x1dx1ln

2

1
v,dxx1lnxdv,

x1

dx
du 22222

2
−++=++=+=

+
= ∫ , by 1(c) 

   ( ) ( )[ ] ( ) ( )[ ]
2

22122

x1

dx
1x1lnx1

2

1
xtan1x1lnx1

2

1
I

+
−++−−++= ∫−  

    ( ) ( )[ ] ( )[ ]dx1x1ln
2

1
xtan1x1lnx1

2

1 2122 −+−−++= ∫−  

    ( ) ( )[ ] ( )[ ]








+
−−+−−++= ∫− dx

x1

x2
x

2

1
1x1ln

2

x
xtan1x1lnx1

2

1
2

2122  

    ( )[ ] ( )[ ] ( )
dx

x1

1x1
1x1lnxxtanx1

2

1
2

2

212 ∫ +

−+
−−+−+= −  

    ( )[ ] ( )[ ] Cxtanx1x1lnxxtanx1
2

1 1212 ++−−+−+= −−  

(r)  Let  I = ∫
−

−

dx
x1

xcosx

2

13

   u = cos
-1
 x,  ,dx

x1

1
du

2−
−=∴ ,dx

x1

x
dv

2

3

−
=  

   ( ) ( ) ( ) ( ) ( ) ( )










 −
−

−
=−









−
−−=−

−

−−
=−

−
−= ∫∫∫ 2/1

x1

2/3

x1

2

1
x1d

x1

1
x1

2

1
x1d

x1

1x1

2

1
x1d

x1

x

2

1
v

2/122/32

2

2

22

2

2

2

2

2

 

    ( )[ ] ( )2x
3

x1
3x1

3

x1 2

2

2

2

+
−

−=−−
−

=  

   ( ) ( ) ( ) ( )∫∫ +−+
−

−=








−
−












+

−
−−+

−
−=∴ −− dx2x

3

1
xcos2x

3

x1

x1

dx
2x

3

x1
xcos2x

3

x1
I 212

2

2

2

2

12

2

 

    ( ) .1xwhere,Cx2
3

x

3

1
xcos2x

3

x1 2

12

2

<+







+−+

−
−= −

 

(s) ( ) ( ) xcotxcscd
xcsc

xcsc1
xdxcscxcscd

xcsc

xcot
dxxcsc

xcsc

xcot
dx

xsin

1xcos
2

2

2

2

2

2

3

2

3

−
−

=+−=







+=

+
∫∫ ∫∫∫   

  [ ] ( ) CxcotxcscxsinCxcotxcsc
xcsc

1
xcotxcscd1xcsc 2 +−−−=+−−−=−−= ∫ −     

(t) 
( )

( ) C
aln

atan
etan

aln

1

1e

de

aln

1
dx
1e

e
dx

1a

a x1

alnx1

2alnx

alnx

alnx2

alnx

x2

x

+==
+

=
+

=
+

−
−∫∫∫     

(u) [ ] Ceex2dx
x2

e
ex2edx2dxe xx

x

xxx +−=











−== ∫∫∫     

(v) I = 
( )

du
u2

1u
dx

u2

1u
xPut,

x1x1

dx
3

2222 −
=







 −
=

+++∫   

   Also,  x1xu,01xu2u 2 ++==−−  
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( )
C

u

1

u

1
ulnu

2

1
du

u2

1uuu
du

u2

)1u)(1u(
du

u2

1u

u1

1
I

23

23

3

2

3

22

+



 −+−=

+−−
=

−+
=

−

+
= ∫∫∫  

( ) ( )
( )

C
x1x

1

x1x

1
x1xlnx1x

2

1
2

+












++
−

++
+++−++=  

(w) Cxx
3

1
dxxx 2 +=∫      

(x) I = ( )








>+=

≤+=
=

∫
∫

∫
1xwhen,C

3

x
dxx

1xwhen,Cxdx

dxx,1max 3

2

2
 

  (y) { } C
2

x1)x1(

2

x1)x1(
dxx1x1 +

−−
+

++
=−−+∫     

(z) 

( ) ( ) 





 −=





−−−=



 −== ∫∫∫∫ e

1
1

10ln

2

e/1

1
xxlnx

1

e
xxlnx

10ln

1
dxxlndxxln

10ln

1
dxxln

10ln

1
dxxlog

1

e/1

e

1

e

e/1

e

e/1
10  

 

7. (a)  
( )

C
x

1

x

1
1lnC1xlnxln

x

1
dx

x1

1

x

1

x

1

x1x

dx
22

+−+=+++−−=


+
+−

=
+ ∫∫  

 (b)  ∫ −=
a

0
dx)xa(fIFor ,   let  y = a –x  .   When  x = a, y = 0 ; when  x = 0 , y = a. 

   ( ) ∫∫ ∫ ==−=∴
a

0

0

a

a

0
dx)x(fdy)y(fdy)y(fI . 

    I
2xcosxsin

dx

2xcosxsin

dxx
2

x
2

cosx
2

sin

dxx
2

xcosxsin

dxx
I

2/

0

2/

0

2/

0

2/

0
−

π
=

+
−

π
=

+







 −
π

=







 −
π

+





 −
π







 −
π

=
+

= ∫ ∫ ∫∫
π π ππ

 

  

 ( )12ln
224

xtan
4

xsecln
2

1
dx

4
xsec

2

1

4
xcos2

dx

xcosxsin

dx
I

2/

0

2/

0

2/

0

2/

0
+

π
=






 π

−+





 π

−=





 π

−=







 π

−
=

+
=∴

π
πππ

∫∫∫  

8.  π=
−−

= ∫
b

a )xb)(ax(

dx
I ,  by 4(k) 

  Let  0ab,cesin,eb,ea >>β<α== α−β−
. 

  Put  α=θ=β=θ=θ== θ−θ− ,bx;,axWhen.dedx,ex . 

  
( )

( )( )∫∫∫
β

α θβαθ

β+αα

β θ−α−β−θ−

θ−

−−

θ
=

−−

θ−
=

−−
=π

eeee

d
e

)ee)(ee(

de

)xb)(ax(

dx
2

1
b

a
 

  
( )( )

( )β+α−β

α θβαθ
π=

−−

θ
∫ 2

1

e
eeee

d
 

9. (i)  xln
x

1
1lnx1ln

3

1
x1ln

3

1
dx

x1

x
3

3

x

x/1

3
x

x/1 3

2

=



 +−+=



 +=

+∫  

 (ii)  For  ∫
α

α +
=

/1 3
dx

x1

1
I .  Let   ,dy

y

1
dx,

y

1
x

2
−==  

   ∫∫ ∫
α

α

α

α

α

α +
=

+
=








−

+
=

/1 3

/1

/1 323
dx

x1

x
ydx

y1

y
dy

y

1

)y/1(1

1
I  
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 (iii) ∫∫∫∫∫ +−
=

+

+
=





+
+

+
=

+

2

2/1 2

2

2/1 3

2

2/1 3

2

2/1 3

2

2/1 3
dx

xx1

1

2

1
dx

x1

x1

2

1
dx

x1

x
dx

x1

1

2

1
dx

x1

1
 

   
332

1
xtan

4

3
dx

4

3

2

1
x

1

2

1
2

2/1

1
2

2/1
22

π
=














 −=











+






 −

= −∫  

 (iv) ∫∫∫∫
α

β

β

α

β

α

β

α +
=

++
≠

+ /1 3/1 3/1 3/1 3
dx

x1

x
dx

x1

1
,dx

x1

x
       dx

x1

1
 

10.  ∫∫ ∫ ++

++−++

+
=

++

+

+
=

++ )bxsin()axsin(

dx)bxsin()axcos()bxcos()axsin(

)basin(

1

)bxsin()axsin(

dx)basin(

)basin(

1

)bxsin()axsin(

dx
 

  C
)axsin(

)bxsin(
ln

)basin(

1

)axsin(

)axsin(d

)bxsin(

)bxsin(d

)basin(

1
dx

)axsin(

)axcos(

)bxsin(

)bxcos(

)basin(

1
+

+

+

+
=









+

+
−

+

+

+
=









+

+
−

+

+

+
= ∫ ∫∫  

  Similarly, 

 C
)axcos(

)bxcos(
ln

)basin(

1

)bxcos()axcos(

dx
,C

)bxcos(

)axsin(
ln

)bacos(

1

)bxcos()axsin(

dx
+

+

+

−
=

++
+

+

+

−
=

++ ∫∫  

11.  Let   I = ∫ −+−
1

0
dx]x)ab(a[f)ab( , 

  Let  y = a + (b – a)x.   dy = (b – a)dx ,  dy
ab

1
dx

−
=  

  ∫∫∫ =
−

=
−

−=
b

a

b

a

b

a
dx)x(f

ab

dy
)y(f

ab

dy
)y(f)ab(I  

12.   (a) 
1

dx
11x

dxx
I

2

2

12

2

1 2 +ε

ε
=

+ε

ε
=

+
= ∫∫ ,  by  Mean Value Theorem,  where  1 ≤ ε ≤ 2. 

   When  
5

2

1
,2

2
=

+ε

ε
=ε ,   When   

2

1

1
,1

2
=

+ε

ε
=ε  

   Since    
1

2 +ε

ε
  is a decreasing function  for  1 ≤ ε ≤ 2,  therefore   

2

1

1x

dxx

5

2 2

1 2
<

+
< ∫ .  

 (b)  
222

edxedxeI
1

0

1

0

x εε === ∫∫ ,  by  Mean Value Theorem,  where  0 ≤ ε ≤ 1. 

   When  ee,1
2

==ε ε
,   When   1e,0

2

==ε ε
 

   Since    
2

eε   is a increasing function  for  0 ≤ ε ≤ 1,  therefore  edxe1
1

0

x2 << ∫ . 

 (c)  ∫ ∫
π π π

×
ε

ε
=

ε

ε
==

2/

0

2/

0 2

sin
dx

sin
dx

x

xsin
I  , by  Mean Value Theorem,  where  

2
0

π
≤ε≤ . 

   When   1
2

sin
,

2
=

π
×

ε

επ
=ε  ;  When 

22

sin
,0

π
→

π
×

ε

ε
→ε  

   Since    
ε

εsin
  is a increasing function  for  

2
0

π
≤ε≤ ,  therefore ∫

π π
<<

2/

0 2
dx

x

xsin
1 . 

 


